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■\ linear automatic control systan must be stable yet meet certain 
specifications of accuracy. In f^eneral, Vx)th transient and frequency 
resDonse are needed to guarantee satisfactory designs o 

The Durpose of this investigation was to show that phase nargin can 
be used to correlate transient and frequency response characteristics, 
primarily the resonant frequency peak and the transient peak overshoot. 

Using the electric analog comouter, numerous servo systems were simu- 
lated. The resonant frequency peak and transient peak overshoot were plotted 
versus phase margin for various system gain settings. From the plots approx- 
imate equations relating the resonant fi-equency peak, the transient peak 
overshoot ani the phase margin were developed. Solutions to the equations 
are gem rally a''curate to within a small percentage of the correct values. 

For design purposes, a more useful correlation of resonant frequency 
peak and trinsient peak overshoot exists by plotting the two versus a 
dimensionless oararaeter . If curves for a sufficient number of systems 
are grouped in families, accurate resonant peak and transient peak values 
ar^ determined easily with the knowledge of the system gain and the system 

•«v 

time const antq^ 

This report has shovn that phase margin is the parameter that corre- 
lates the resonant frequency peak uid tha transient peak overshoot. The 
correlation may be partially ambiguous if the system possesses two or 
more ohase margins of the same value. However, the direct correlation of 
resonant frequency peak and peak overshoot is till valid. 

System gain and gain mrgin also display a regular variation with 
phase margin. But the v^iriation is dependert on other system character- 
istics as well as ph^ise margin. 
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Phase margin c an be a powerful tool to the designer of servo systems. 
Its use is not limited to certain systems but is applicable to systons of 
higher order<> It is easy to use and gives reliable results. 

The author vdshes to express his appreciation to Dr. GoJ. Thaler, U.3. 
Naval Postgraduate School, for his assistance, suggestions, cooperation 
and enc ouragemert. in the preparation cf this papero 
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TABLi; OF SYMBOLS AND ABBREVIATIONS 



(Listed in the order of their vise in the text) 



e. 


The output or controlled variable. 
The input si gi al . 


Ui) 


Time or transient response » 


U) 


Radians per second. 


F(jw) 


Frequency response. 


0M 


Phase nargin, equal to 180 degrees minus the 
transfer function phase angle at the frequency 


Mp 


at viiich the gain is zero decibels. 
The 1“^ 1 resonant frequency peak. 


po. 


Transient peak cvershoot. 


KG (jm) 


The system transfer function. 


G(jm) 

S 


Phase angle of KG (jw). 
System damping coefficient. 




System natural resonant frequency. 


Kv - 


System gain. 


'T 


Tine constant. 


G.M. 


Gain margin, ^1- KG(jw)^ at frequency at 

vhich ;\ng G(jw) r -180°, 


R 


Resistor , 


c 


Capacitor, 



Vi 



p 




'IDRR’^LATION CF Ta^NSItCNT 



/.ND FR’SQUllNCY RESPONSE 
■y URE OF PH\SE MARGIN 

CHAPTER I 

INTRODUCTION 



■^n th3 desi.t 9 i ird adjustment of linear servo systems the designer 
nust obtain a syst^si that l^lll be stable and vdll meet certain speci- 
fications cf accuracy. In general, both transient and frequency 
response studies are needed to guarantee satisfactory designs. 

The performance of a control system is frequently judged on the 
basis of its response to a transient input consisting of a step function 
of position. Abrupt disturbances represent important conditions under 
iflriaich the system response is of interest and in v/hich knowledge of 
s''’-steir. oerformance on the basis of sinusoidal inputs alone is not suffic- 
ient. Because of the ease with vdiich the system response to a transient 

incut r.ay be ij^terrdned experimentally '.d.th limited equipment., it is 
¥ 

desirable to be able to check design results against actual system per- 
formance . 

•vlthouf^ d^Taamic stability requirements are more easily based on 
transients followin’ step and ramp disturbances than cai the behavior 
following sinusoidal disturbances of varying frequency, the design of 
conventional systems to fulfill the majority cf performance specifi- 
cations is more easily accomplished by studying the response to a 
sinusoidal disturbance of varying frequency. An important reason for 
the use of the sinusoidal procedure is the relative ease with which 
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the d^Tianiic properties of an intricate servomechanism can be 'represented 
by an experimentally determined frequency function, vihile representation 
of all its properties in terms of a differential equation may be nearly 
impossible o 

The effectiveness of the sinusoidal procedure involves correlation 
between frequency functions and time functions. Correlation to a degree 
has been based on noting: 

(1) salient features of the transient such as speed of response, 
"requency of oscillations, degree of stability (i.e., peak 
overshoot), and steady state error, and 

(2) resonance peaking of | — certain frequencies, and 
the phase angle relating error to output at low frequencies. 

The transient response of a system may be determined analytically 
by the Laplace transfonration. But an exact transient analysis for 
complex systems involves an undue amount of labor. Frequent use is made 
of dynamic analyzers and analog computors to limit the time required for 
obtaining a solution to transient and frequency responses. 

An aoproach to determining the transient response of a system is to 
deten.iine some correlation between the nature of the closed loop response 
of systems to steady state and transient inputs. Thus, the transient 
response of a system having a known response to a steady state input can 
be determined o 

If the frequency response F(jw) is known, the transient behavior 
f(t) in the time domain can be found. Conversely, if the time response 
f(t) to a unit step input is kno'<fli, then the response F(jw) in the fre- 
quency domain can be found. The responses are related by the integral 
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1 



I 

( 




equations: 






oo 



(I) 



and 





F(jiw) = A f({) £ 




a) 



These equations do not permit general explicit solutions. Tteir relation- 
ship may be explained in the follovdj:ig manner. An arbitrary input signal 
exoressed as a function of time can be represented by a Fourier spectrum. 
The 'frequency response curves of the total system indicate the extent to 
which each frequency component in the signal is transmitted b^' the system, 
i.e., the change it undergoes in phase and amplitude. The frequency- 
amplitude curve representing the input signal multiplied by the amplitude 
transfer curve of the system gives the Fourier spectrum of the output 
signal. The phase function representing the input signal added to the 
ohase function of the system gives the phase function of tte output signal. 
However, the output signal expressed as a time function may also be ex- 
pressed by the Fourier synthesis of the component frequencies. Thus, it 

A 

is reasonable ^o expect correlation between the frequency response and the 
transient response curves fcr the total system. 

Since correlation of a kind does exist between the transient response 
following a step input and the sinusoidal response as given by the fre- 
quency functions, the frequency response or loci studies are highly im- 
Dortant in the design of servcmechanisms. 

Tte primary purpose of this investigation is to show that there exists 
for various types of servo systems a regular variation of phase margin 
with the transient peak overshoot P.O. and the resonant frequency peak Mp, 
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The data was compiled by computative, graphical and analog computer 
stud ie So 

The primary result is a series of non-dimensional curves for specific 
transfer functions, these being usable directly for design or gain adjust- 
rrent purooses. By the use of these curves the designer can tell for an 
appropriate system whether he can secure adequate stability and still 
satisfy other specifications such as accuracy. Since steady-state accuracy 
and transient response are wholly interdependent and fixed once the loop 
gain function is established, the designer knows immediately if compensation 
is required. 

A secondary propose of the investigation is to determine an optimirm 
use of phase margin for higher order systems. Present practice generally 
involves use of M-N contour charts flj to predict resonant frequency 
peaks. The phase marp'in correlation should permit a relatively accurate 
prediction without resort to the M-N contour chaidis. 

A third objective is to determine a procedure for future experimental 
study to further develop the phase margin correlation such that all the 

A 

system requirenents of interest may be determined readily from a knowledge 
of the phase r.argin. The correlation examined here involves only peak 
overshoot and resonant frequency peak. Other important characteristics 
include speed of response, frequency of transient oscillations and steady 
state error. 
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CHAPIER II 



PREVIOUS INVESTIGATIONS 

Existing correlations of the transient and frequent response of 
linear control systems may be classified as follovrs: 

(1) 'Qualitative, due to Bode [ 2. J , Ferrell [JJ , Graham C4], 

Harris [Sj and Hall [6J » 

(2) Analytic, for second and third order systems C7,a3. 

(3) Quantitative, due to Floyd [7J , Dawson (^9J , and Harris [loj. 

(k) Empirical, due to Chestnut and Mayer [uj , Herr and Gerst 

and Hunnicutt [ijjo 

A brief discussion of the various methods follows: 

lo (a) The criteria of seirvo system stability utilized in the fre- 
quency approached is based on Ho Nyquist’s [I4j theoretical 
analysis of regeneration in feedback amplifiers. In the stabil- 
ity adjustment of a servo system it was found necessary to provide 
margins of safety because of aging and other factors. H. V/. Bode 

.A 

[^J discussed the theoretical considerations involved in the 

•t. 

select! oh of such nargins in the desigi of feedback amplifiers 
and introduced the concept of phase and gain margins used extens- 
ively by communication engineers. 

Phase margin is frequently defined as the value of the angle 
[idO for the frequency u; at which KG(Jm) = I . Gain margin 

is defined as the Ic^ modulus of vhen the frequency lU is such 

that the . Neither 0^ nor gain margin is related directly 

to Mp. Sinilarly, the mere existence of a(^of, say, 40° does not insure 
a satisfactory response. 
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L. (b) 1.3. Ferrell [ 3 ], in discussing the applic vtion of Bode's 
treatnBnt to servo systeir^, stated that a phase margin of between 
A.0 degrees and 60 degrees and a gain nargin of 10 to 20. decibels 
constituted good desigi practice. Furthermore, Ferrell showed 
that the phase shift varied -d-th the slope of the gain curve such 
that 15 degrees of phase shift accompanied a one decibel change of 
gain per octave. 

1. (c) R.’« Graham [4 stated that if the gain margin is sufficient, 
the phase nargin is usually the dominant factor in aetermining the 
amplitude of the initial overshoot. The gain mrgin needed in a 
particular design depends on the expected variability of the loop 
transmission. Radar tracking loops usually have gain rrargins of 
the order of 15 decibels or more because of the large number of 
factors which may cause loop gain to vary, 

1. (d) FUHarris, Jr.,[^jhas stated that as the magnitude of the fre- 
quency function I— i-rl changes, the phase angle approaches 

radians for increasing frequencies. If the loop transfer function 
magnitude decreases as or faster for a region near unity gain, 
the ph^se angle will be near minus 180® or more .snd the system will 
be highly resonant. A good loop transfer function will not decrease 
in magnitude faster than about until the nagnitude is below 
about one. Then the resonance peak will be no greater than 1^. 

1. (e) A.G. Hall [e] gave an approximate index of the transient response 
based on the comparison of frequency response curves and the trans- 
ient response for the same curves. The presence of peaks in the 
amplitude response was associated with the complex roots of the 
characteristic equation. The hei ^t of the peak relative to the 
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flat, low frequency part of the curve is an Index of the real part 
of the root, tending to increase as the real part decreases. The 
angular frequency at which the peak occurs is an index of the imagin 
ary part of the root, tending to increase as the magnitude of the 
imaginary part increases. Thus, the frequency of the peak is an 
index of the frequency of the oscillatory component of the transient 
response and the height an index of its damping. In niimerical terms 
if the height of the peak relative to its response at zero fre- 
quency is limited to 1.4, than the damping ratio should lie between 
0.5 and 0.8, and the angular frequency of the peak should equal 
the frequency of oscillation to within twenty percent. 

2. (a) G.S. Brown and D.P. Ceimpbell and others, have shown that 

a correlation exists between the maximum or resonant amplitude of 
the frequency response Mp and the peak overshoot P.O. for various 
values of the damping ratio S , ks S decreases, the value of 
Kp increases and P.O. increases. The magnitudes of the peaks of 
the amplitude response are measures of the damping of natural modes 

A 

of oscillation of the transient response. The frequency band over 



which the amplitude response has a substantially constant magnitude 
is a measure of the speed of response to transients since a high 
- natural frequency, and therefore a high speed of response, is 
linked with a high resonant frequency in the amplitude of the 
sinusoidal response. 

For a system having a second order characteristic equation, an exact 
relationship for kp as a function of S has been canputed: 





+ 1 -f- J 2. 5 



u> _ 



(J) 
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Dil fsr^jr.tiatin r ind setting equ il to zero; 



UJ =■ 

fAeM Mp = |-^jp = 



It is easily shown that in terms of the same parameters; 

/ -I 

PO. = l-^-nEfT 



(+) 

(s) 






(e) 



\n examination of Kp shows that it becomes excessive for values of 
5 <0.4. vs a r-asult, \sddespread practice has been for .‘.p to be limited to 

1 , 6 . 

2. (b) For the thiri order system, no siniole relationship exists be- 
tween system parameters and the coefficients of the factored cubic* 
'Charts relatin'^ the coefficients of the general cubic 

-hi = 0 H ) 

to the values ofe<jJ and u/^ in the factored cubic have been pre- 



oared by '’"oJo hiu 



and h. (. "^vans 



(-ik X iX-5y 0 = o 



( 8 ) 



U>^ ‘ 



.A 

rte use of the charts require appreciable, calculations since the 



coefficients Oj sire not related in any simnle way to a.ct>aal 

system o,iran.eters . CiLarts relating system parameters to system perform- 
ance have been naie u o by H.Mo J-mes [SJ o However, no correlation of 
Pt, 1 th the system oaram^^ters was madOo 

3. AnaV't.ic methods f^r correliting steacfy .tate and transient re- 
saon'e bas ^d on the Laplace or Fourier transform V-ve been de- 
veloped. ^ne raethod is that of C.F„ Floyd described by Brovai and 
Campbell [71 Floyd's method is based on an approximate solution 
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of thr^ inverse trinsforrc of the known frequency function. The 
K.ethod is easier to use tlan any exa'^t msthod for systems greater 
th in th ? fourth order and is accurate to better than 5 per cent. 

More rec-^ntly H. Harris, Jr., M.J. Kirby, and ’].F. Van Arx [9J, 
md C.Ho Dawson jj<^ have published rrethods of developing transient 
response curves from frequency response. 

U. (a) Another matliod of determining transient response makes use of 
a series of charts requiring no detailed calculations. These charts 
relate the open-loop response to either a sinusoidal input signal 
"r to a step input sisjial. 

K. Tnestnut and R.V,'. Mayer [^llj have developed such charts for a multi- 
tuae of syster.s of a certain character, mmely Type I ’.\ith the third, 
fourti, or fifth order characteristic equation. 

U. (b) D. Herr and I. Gerstfujhave correlated the responses of a 
limited number of systems possessing minimum band-vridth. Herr jad 
C-irut did not graph their correlations but presented them in tabu- 
lar form. 

.A 

The correlitions just described are limited in that they aoply only 

% 

to syste.'s haa'-ing orescribed open-loop attenuation characteristics and are 
not cereral. 

W.R. Hunnicutt, Jr. £i3j measured gain nergin, phase margin and trans- 
ient resDonse for non-linear systems subjected to amplifier saturation, 
Hunnicutt nlotted 0^^ versus various system parameters but did not plot 
p or P.O. versus ^^and did not arrive at any successful correlation. 
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CH'VPT’R III 



PROCRDUR'^: 



3y fr^reiic to PifTo 1, it is seen tliat is a function of the 
"orner ^re> uencie s, t!ie slooe of the loop tr-insfer frequency curve 'md 
th^ s 'ster.i cdn. The looc transfer function uniquely aefines all of the 
orop^rties of the linear servoni'-chanism . hov/ever, for each such trinsfer 
'’unction, th^r-^ is -.n infinite variety of physical asserr.blies of sen^o 
S'/Ste s havin' thia transfer functiono Hence only the rea thematic al form 
of th^ trinsf'r function was considered here rather than particular physical 
confi 'ur .tions. 

Various s.,'st r. s of th - second, third and fourth order nnd of T. pes I 
iii II '.'er'! iavf'-^ti ■’ it ad >1+ h sj-stera ^ain the oarameter to be varied, T^ii- 
is i.'.iv iler t to th -! jesi'yi problsn cf adjusting system -nain to rive de- 
dred perforrance. For ex:iiapls, take the transfsr function: 

lyrr > - 



•e ch ^cuation is: 



( 10 ) 



s/st'^r- -'’.iin '^han/^es both the system d.arrping md natural Irequmcyo 

A scherriitic diaFTjm of the equipment used to ns asura the peak fr^ 
niency response nd the peak cvershoot is shovm in Figo 2 and equipment 
is listed in \ppendix \o 



i loon tr.-nsf jr funs ti on Ka3 first slotted on the Bode or decibel-log 
^ olot 0 Various values of sy'^ton r'li n ’’era selected s'xh thst the phrise 
^ar d’^ wi5 varied from about 2U degrees to 70 aegrees, Kn wis determined 
nlottiri^ .lopropri ite peint^ M-N contour charts o PoOp cvershoot w.:s 
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'calculated for at least one point fcr all systems examined that were of 
third order or less. 

The basic element in the systan was tlie analog computer o A Boeing 
Analog Computer, BOAC, was available and this was used. Automatic balance 
units were not available but drift did not give trouble except for high 
gain systems. In these circumstances, voltage scaling was an adequate 
measure. 

The sine wave generator used was the Mod.202A Hewlett-Packard Low Fre- 
quency Generator, At low frequencies tire irregularity of the wave shape 
was quite apparent but since the ccanponents contributing to this erratic 
wave shape were of a much higher frequency order, and very small in ampli- 
tude, they did not affect ths response of tte lew pass systems o 

Tte step input was supplied by 45 volt battery installed in the BOAC. 
The input and output signals were r^corled by Brush Magnetic Pens. 

For the experinental tests, the R-C components used in the computer 
were IRC resistors, having i. one per cent tolerance and a temperature 
coefficient of .025 to ,065o Sprague Vitamin Q Capacitors and Cornell- 

jt 

Dub lie r Metal Cased Dykanol paper capacitors were used. 

The components were measured to four significant figures. It was as- 
sumed that their values while in use did not change. Experimental values 
of P.Oo for low gain systems not using voltage scaling differed from calcu- 
lated values by 0,1 to 2 percent . On higher gain systems deviations as 
high as 7 oer cent were recorded. 

The measurement of Kp on ths Biaish recorder was not so good. Since 
the resonant magnification was frequently 3 tines or more, the initial gain 
setting of the Brush a.nplifle r was so small that it could not be set and 
measured with sufficient accuracy. Hence, the values of Mp used in this 
report are those determined on the M-N contour charts. 
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' CHAPT^^R IV 



RESULTS AND DISCUSSION 



Tti 9 si :nifi Ci it data takaa is recorded in TablesI ind II in Apoendix 
3. ?>• is data has been olotted in t’.\o different manners: 

(l) Kd and P.O. versus 0 ^ , FisS, 3, 5, 7 , and 9> and 
{2) ].D and P.Oo versus , a nondinensional parameter, 

Zf, 6, 8, and 10. 

The si.dlirity of the curves on the first type of plot iray be quite 
surprisinfo The sole marked variation is in those systems in wtiich phase 
lag or lead compensation is inherent or has been intentionally added o 
This oc'^ars whenever tv/o different system gain settings c:m nroduce the 



e d) 



same ^n hero, thou^, it is seen tlat a similarity exists in that 



the ;i=;;her r,ain setting always leads to a larger Mp and P.O. for the same 
Iso, (or the conditionally stable syste'.s, it is aoparent that as 
stacdlity and dec rease the curves of P.Oo and Kp become indistinguish- 
able from, those of sy'" steins that are absolutely stable o 

An aonroxiJuate linear relationship between and PeO. is: 









(in 



This erpirical forr..ula is accurate to better than lu percent for 0^s near 
or diprees and ,T.ves better than 5 percent accuracy for the region 
near 41 legr^es. The looped back portion of the curves (increasing 0^ 
vd th increasin’ s"/stem gain) wis neglected in the preceeding statement but 
in »;iOst c ises the empirical equation will still be accurate to within 10 
percent . 
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Si'.ilarl> an aoproxiinite lin^jar relati onshio between 0 ani PoOo is: 

Ho = o.‘l-3s(i- 01) 

\-ain n^rl^ctiri/7 the folded bacK portion of the 0^-Mp curves (increasing 
(f>^ Vvith in^r-^/^sing system gain), this einoirical equation is accurate to 
’^thin percent at 40 aegrees and 5*0^ at 6o degrees phase margin; 
thes5 4,limi-3 include the range of greatest interest o 

hith th^se t\o sitiple equations a designer, kno’wing ^ only, can pre- 
dict ;lth better than lu percent accuracy the Kp and P.O. to be expected. 

If tip 0^ is taken in the range where it is incr3asinf 'yvith increasing 
svsten Tiir., these equations Ive optimistic results, tie err..r being 
^reatex" as U e band-width of this characteristic increaseso 

It is oossible to fit empirical equations more accurately to the mean 
and ^ 0^ 'U""ves but the improvement in accuricy doesn*t warrant 
the aid tionil comnl^xLtjr involved. Should a more exact exoression be 
desired, in inverse transcendental or a hyperbolical curve such as 

0/y; =// Cb /y] p -h C) 'i- D 0^) 

s could be tried, 

A 

■*Jo 

ri-ie const vftts A, 3, C and D are used to shape the curve C/53. 

In Fir', il, Mp vjrsus PoO. is plotted. For tiie systems exar;dned in 
tnis report, it is seen that '.p versus P.C. ioes have a general relation- 
si. ip. A'iin a linear e ioiricd formula is used to aascribe this corres- 
Dondence. 

/ 0^) 

‘‘>^',0 Mp - 2.- OIS Ro. -0.08 7 

the soit^ s of this report, this equation is a'^curat*^ to about 15 percent, 
owever, ‘'‘or lost svsteis covered it is accurate to 'Within 10 percent, 






now have a sinple r-?lationship between Mp and P.O. such that if or Po0« 
is leteri.ined experLmantly, the other is knov.n to 'within 10 or 15 percent. 



Having observed these correlations of ;.p and P.O. '.dth and Mp 'with 



P.Oo, an analytic correlation wuld seem desirable and possible. Taking 
the expressions for ."p and P.O., equations (5) and (6) in Chapter II, a 
relationship bet’ween P.O., Mp and S can be derived. Havever, the expression 



little practicil aid. 

The Question arises iS to whether the empirical relations derived from 
Fir. 3 to 10 are useful for other and perhans more complex systems likely 
to be encountered. In Table III, Appendix B are listed data for the systems 
analyzed by Herr and Gerst [izj . For example, taking a system listed under 
Cass III, having a fifth orier differential characteristic equation: 



in the fom of a series in S and ! p does nob converge rapidly and so is of 



, Mp = 1.4- ,R0.=I.3S 




. WfP - ^ 

Elrror ~ / — 4-.4’S' % 



If the D is knofin, using the empirical relation for P.O.; 



to?, a Mp = -2- A, /3 -.087 - o. I7S- , 
% Mirror =~-r^—^/0O —G.33 % 






To take an example of a fourth order equation listed under Case IV; 







% Bxrcr = -j—-^ X loo = 0. 9-5" %> 

?.0, - O.Z.r9 (1--^)= O.S 2 . 



, PO.-UZ8 



% - Z.S^7» 



Mp -Z.ois’ X .0^1 -.087 - o. oo^S 



, Mp=o.9 



% Ei'ror = ^ /OO S.8! 7o 
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By the use of two simple empirical formulas, values of Kp, P.Oo 
or ^ can be determined by knowing any one of the three o Usually these 
values are accurate to '^thin 10 percent or bettero 

Generally the designer is given a set of specifications from which 
he can deten;dne the required steacfy- state frequency response and the 
transient rssponse to a step inputo Frequently certain eLsinents of the 
servomechanism are fixed as part of the system and cannot be varied. Also, 
tl^e loid or driven element is often a fixed component of the system. With 
the fixed coraponents plus a knowledge of servo ^stem elements, the de- 
signer can deterr.dne the renainder of the components necessary to obtain 
a suitable open-loop characteristic. It is a simple natter to draw the 
phase angle curve especially if a tangent template is available. Once 
the tine constants of the system are fixed, is changed only by chang- 
ing system gain. By the use of the empirical equations (11) and (12> the 
designer has, with very little labor, a reasonable check as to -whether 
system gain and d^miamic stability are compatible for the system he has 
selected. If families of curves, such as Fig5. 3^ 5> 7> aJid 9> are avail- 
able he has an*accurate check on Mp and P.O. Fur the nri ore, if families of 
curves, such as*are indicated in Figs. 4 > 6, 8, and 10 are available, it is 
net rv3ce sary to drav/ t}ie phase argle curve, since in Figs. 4, 6, 8, and 
10 F.p and P.O. are plotted versus the dine ns i or .less parameter 7^ . Of 
course, the attenuation characteristic of the transfer function must be 
similar to one of the families since -^versus Hp or P.O. values widely 
vdth the viriojs open-loop characteristic curves. 

With the riniraura effort the designer is able to tell approximately 
by the use of empirical equations, or exactly by the use of families of 
curves, if specifications of stability and accuracy are satisfied or if 
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coi.ioens ation is required. use of the empirical equations is general 

and not restricted to any particular system. Th3 equations may be opti- 
mistic in the region previously noted, but t'nat region is readily appar- 
ent from the open-loop attenuation characteristic. The error in the region 
of increasing phase margin vath increasing gain is proportional to the 
band-^vlith of the cor.pensationo However, if either Mp or P.O. are kno.m, 
tnie other may be computed by equition (14) the same degree of accuracy 

as stated before. 

Thus a regular variation of Mo and PoO. vdth does exist and 
may be used to correlate the steady-state and tr:insient characteristics of 
a system. 
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3U V,-^,ST10N3 FOR rURTl KR 
INV33TIG'^TIONS 

In t- is r^nort ohnse has baen usei to corr 2 l<it 3 oiily tv.o of 

t. •= staai -St and dynaraic prooarti^s of a ^yste.Oo Other properties of 
i'^erest arv ti 'le of resoonne to a step or nim t input, time for trinsient 
to setf 3 within prascribed »rror limits, the fre j.uency of transient oscil- 
latio^, thi ^'r^ouency at which the resorunt peak Kn occurs, and steady 
■tate .cc ir .cy , 

TJ at a re'^.xlar ch inge in system gain acco .panies a change in 
is sho n in Fi ’« 12c H waver, the amplitude of the gain and its slope 
siffers a -’rent deal with the various systems . This is, in rart, dependent 
on the oresence of a zero in the right half of the cofAolex plane# The 
ratios of the time constants or poles of the system also influence the 
systaP: -oin versus (Z^ relati onshin# 

In Fi", 13 the ratio cf gain margin divided by the lowest comer fre- 
quency , i»i,plotted versus o Again a regular variation of gain 

% 

*ard.n .dth ohi.se nargin is apparent; but like system gain, the gain margin 
sloce and ..a 'nitude deoands on other parameters as well as 

Tha effect of the spacing of comer frequencies (or time constants) 
on sho lid be furtifir investigatedo If the ratio is much greater than 
ten (or or>a cycle on ttie log W plot), the larger cornar frequencies hcive 
little effect on 0^ . This is equivalent to the correlation of Y. Chu 
£l6j and J.Go "ruxal [l7j showing that oerfomence may be determined primar- 
ily bv a complex oiir of ooles, simolp poles near the orgin, -nd the zeros 
in the conolex pi me. 
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in this r^nort no s/stens incorooriting narallel conioensition in the 
feedb-t^.k loon consilerado 3yst^-.s rviving this type of compensation 

shOiiLi be irwesti vit^d to aetermine if the correlation of stability with 
c an be made fully generalo 

\S discussed in Vpp-indix A, the experimental method couM be much 
improve Jc 'i dynamic analyzer is desired having constant amplitude step 
ani fre'^uency outputs with a frecmency range of 0.1 to 1000 cycles per 
seconlo If t'e analyzer measures accurately the phase shift and amplitude 
of tie sirulated system the exparimentd technique is simplified and the 
a'^c rr acy of re asur ernent s improved. In essence, then, a d^/namic analyzer 
deii to oner.t^ over the optimum freouency rar^^e as determined by the 

aualo-'" ^omnuter is ne^dedo 
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CHAPT5R VI 



■lONCL’JBIONS 



In the design and adjustnent of servo systems, the goal cf the de- 
si is to develop a system that will be stable and will meet certain 

soecificitions of accuracy » If the open-loop atteniation characteristic 
is selected, the phase shift characteristic of the system is defined. To 
determine if phase nargin, the supplement cf phase angle at zero decibels 
attenuation, could correlate dynamic and steac^-state response was the 
purpose of this investigation. 

It tes been shown that a regular and ordered variation of Kp and P.O. 
dth does exist. The correlation is displayed in Figs, 3 to 10 and 
an approximate linear relationship was shovn . The relationship was made 
easier to use by plotting Kp and P.O. versus p , a dimensionless para- 
meter, suffering a loss in generality thereby. 

To the extent covered by this report, the correlation exists for 

syst'ar.s having* characteristic equations up to the fifth order and should 

be equally con§istent for systems cf all orders. The one ambiguity exists 
% 

when a fdven may exist with two or more different system gain settings 
In this case I.p is still related to P.O. by the eqxiation derived by elimin 
ation of 0^ from ecu i hi ''''c (11) and (12). 

Future investigation must incorporate other systan parameters to 
effectively correlate otter dynamic and steady-state characteristics with 
phase margin, k dynamic analyzer with a frequency range of 0.1 to 1000 
cycles per second used with the electric analog computer can simplify 
measurement techniques. 
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Corr . 1 tion of st ibility vdth phase margin should be of great assist- 
ance to the iesl^.i>jr in developing linear automitic control systems© 
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APPEND K A 



'5XP3RIM3NTAL EQUIPMENT 

The experimental system is shown schematically in Fig, 2. The Boeing 
‘vnalog Computer BOAC was i;Bed to simulate the servo system. Automatic 
Balance Units were not available but drift gave difficulty only with higher 
gain syste.’s in which voltage scaling was necessary. It is desirable that 
tvjD persons work together when using the computer. Set-ups are more quick- 
ly checked for mistakes, computer checks performed and critical coeffic- 
ients determined. There is no substitute f cr good computer technique. 

Being pressed fcr time, on effort was made to cut some comers. Partly 
as a result, an average of three test rams were made for each good test 
run. The troubles in most faulty runs were detected, but in a few the 
cause of the difficulty was not found and the computer set-up was rede- 
signed. ^n exajTiPle was inherent instability in a second order system at 
all gain settings — but a second order system should be absolutely stable. 

The limits recomi.nnded for system time constant components on the cbraputar 
are SOK^ zoM and o.oooiyuf^c^/OAtf •> In general the range should be 
somc’what more restricted, say, o./M£; R^toM ^nd o-ooi>uf^C — l^-f * 

It was not possible to use the Mod. 100-A Dynamic Analyzer built by 
tl-e Industrial Control Company since accurate readings cf phase angle and 
magnitude cannot be made at low servo system frequencies. 

The sine wive generator used was the Mod. 2C2-A. Hewlett-Packard Low 
■^recuency Generator. The sine wave is formed by clipping a triangular wave, 
vt very lev; frequencies the irregularities of tie wave shape were quite 
apparent, but the frequency compon^aats of ths irregularities were of much 
higher order and srrall in amplitude and did not affect the response of low 
pass systems. 
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The step input wis suoplied by a 45 volt battery installed in the BOAC. 
If the battery voltage is low due to aging, it vdll be apparent on the brush 
recorder by abrupt random dirifting in steady state « 

The input and output signals were amplified by Brush amplifiers and 
recorded on paper vdth Brush magnetic pens. Much of the work done was in 
the range of 0.1 to 10 cps. The frequency response of the Brush maghetic 
pens is about; 

0o2 cps — 8mm peak to peak, 

0,5 cps — lOram peak to peak. 

80.0 cps — 10mm peak to peak. 

In measuring Kp, it is desirable that the recording instrument have a 

f 

const uit gain-frequency characteristic in the region of the resonant peak. 
The two pens used were not calibrated, but it was assumed their character- 
istics were essentially the sane. This was confirmed by the fact that no 
measurable differance in result occured irregaixiless of vhich pen was re- 
cording output and the other input. 

The resistors used were IRC, with one percent tolorence and temper- 
ature coefficient of 0.025 to O.O 65 . Sprague Vitamin Q Capacitors and 
Cornell-Dublie r Metal Cased Dykanol paper capacitors were used. The Vita- 
ffiin Q capacitors were determined to hold a charge better than the Dykanol 
capacitors. Polystyrene capacitors are much better than either of the 
above but ’-vere nob available. The components were measured to four sig- 
nificant figures. It was assumed that these values did not change while 
in use. 

The reader interested in servo system instrunentati on and measure- 
r rrts is referred to F.C, Fickerisen and T,M, Stout [l93 , W,S, Pritchett 
R,M, Saunders C 20 J, R,J, Fhret [21J or, F,H, Ferguson and C.H, Looney 
F.B, Anderson described a ten cycle to 10 KC analyzer. To 
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S' 





work '-dth th^ analogue ca.iputer a dynamic analyser for DBasuring gain 
and phase aji>;le throufii the frequency range of 0,1 to 1000 cycles is de- 
al rable , 
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APPENDIX B 



D^VSL0PM3NT OF DATA 



The systems tested in this report are listed and classified in Table 
I. In Table II are listed the values of > Mp, P.O., auid 
as deter.'iined by tests, plotting and computation. The nethod of plotting 
was stated in Chapter III and is common practice. The calculations, where 
used, were also routine, albeit tedius. The plotting of Kp and P.O., versus 
0f^ is apparently unique. Mp and P.O. vary in an exponential manner with 
0^ . However, in the region of greatest interest ^40"— 0^ — ) , 

the curves may be approximated by straight lines, equations (11) and (12), 
introducing only small error. The curves are shown in Chapter IV, pages l6 



to 23 , 



\ more convenient method of using the data measured in this investi- 

u 

gation is to nlot t o and P.0« versus ■ ~ o Knowing only the corner fre- 

u/, 

quencies of the amplitude characteristic, system gain may be selected to 
satisfy dynaimic and accuracy requirements. If this is not possible, the 
designer knows at tVs very start of the design problem that further compen- 

.at 

sati on is necessary. These curves are shovn in Fig«, 3 to 10 in Chapter IV, 
% 

pages 16 to 23 . ^ 

In Table III are listed 0f^ t Mp, P.O., and G.M. for the higher order 
systems. Mp and P.O. versus are plotted in Fig. 14. Fig. 14 differs 

I/.. 

varied but also the ratio and 

number of time constants. 

In Fig. 11 Mp is plotted versus P.O. It is apparent that Mp has an 
ordered variation \vith P.O. The correlation is throu^ their relation- 
ship vdth , 'Equation (14) was derived merely by eliminating 

in equations (ll) and (12). This procedure turned out to be more accurate 



u 

from Fig*. 3 to 10 in that not only is —f 

U/I 
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than any relationshio that couM be developjed from Fig, 11 o 

The ratio cf syetan gain to the Icwest ccrner frequency of several 
representative systens is plotted versus ^ in Fig. 12. It is apparent 
that the nanner in which the systan gain varies with 0^ cannot be so 
easily correlated as were Mp and P.0« 

The ratio of gain margin to the lowest corner frequency is plotted 
versus 0 ^ for several conditionally stable systems in Fig. 13. Lite in 
Fig. 12, a correspondence is apparent but it must vary signifiCcintly with 
other parameters as well as 0^ „ 
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TABLE I 

SYSTEMS TESTED 



Second Order C/taracdert she. L4a 
Jjeni- A/o. yype H&ro 

K\/ 



. fS!L T. 

2.-I ,X 



2 - 2 . 

Z-J 

Z- 4 - 

Z-S- 



V 

Sorrx e 



Kv (j^Tz -ht) 

“ (J.^ r, * 0 (J^ rj-h !} 

Son^e 



Setn% € 



= / 






2 -e. 

2-7 

2 -<^ 



Tyje>e Orc. 

i 

A <J Cjt*') ■' J^(j\0 7-y. I) 

lYE /. ) = 0*“^ 71 y- 

juj(ju> 7 ;-h/) 

Setm e 






zy 



) To. 



43 



3 -/ 

J--2 

3-3 

3-4 

3-S- 

3-6 

3-7 

J’<9 

3-f 

4V 



Z (coh"fittutic/) 

ZhirZ OrZer C4 Z^u*i4/otfS 

yy S&ro 

Zxiu, n.HXiu, f^Td 



77 _ 



\j'*' '• ^ '^J ^ 

Sa yn€ 

Sa nn € 



7T__ 



t j ^ 



SO 



77 



,t-l ,f*/^ 






1 /et'.. 








Scitn e 


.^=^77 


Sat^e 


,^^7.. 3 


•Same. 




Xt^ O’i^Tl'h/) 




-J>^(jwtfl){juj1^^0 


Sa hyi S 


SL~^ 

>7L '^,71''^^ 



Zour-flt OrZer Z/tar^^c/erisZc jE^^vt^/Zo^rs 

Jy 0*^e 

'<'“J-'>- j.rP:fpSo 
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TABLE H 
TEST DATA 



Sjs-fem 
a-/ .fS"8 

.23/ 
.338 
.s~o 
.63 
.69 
/.S8 

Z -2. S'.O 

7.93 

/o.o 

/s:d 

ZS13L 

3/. 6 
SO.O 

2-j i?.zr 

.r 

1.0 

/■ss 

2.r 

So 

/ao 

fS8 

ZS’.O 

S(SlO 

/oo.o 



<Pm 

B7S — 

^s.s- h/9 

^o.s" l.4i- 

36.0 /• ^ 

32.. 0 /8 

£ 6.0 

2.0. 0 Z.9S 

s$.0 l.oz 

^r>s /.2-f 

9Z.S- j. 33 
33 . 3 ' /.76 

Z6.S a.a-'f 
z^.o 3. S’/ 

!9.0 3./Z 

3P6.S 1.0/ 

43.0 /.3B 

35.0 /.68 

31, S /.6& 

30.0 Z.O 

31. S A94- 

37.0 /. 7 $ 

43.0 AsS 

^ s/.r /.4c 

tf ^ O /.20 

7 so /./a 



p. o. 




1.17 


Ai>r. 


/.Z8 


S/ak/e. 


/33 




/■^7 




/4/ 




/.47S' 




/■S'/ 




I.I44- 


Ahs. 


/.ZZ 


S/dile 


/.Z7G 




/.36G 




/47S 




74S7 




/.S76 




/0003 


A^s. 


/'/7 


5 4^ He 



/.ZS3 

/.3G 

/■397 

A.4/2- 

/■3f 

/3or 

/.3/8 

A-378 

A.zz^- 
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TABLE^ JT 



Z 3.SQ 

/o.o 
zo.o 
St!./ 
/O0.0 
3/6.0 

z -S' /oo 

zs:/ 
S^J 

/0O.O 

ZS/.0 

so/.o 

.i"65" 
/•O 
/.76 
3.16 
S6/ 
jo.o 

z~7 /‘O 

/S8 
!.£■/ 
3.38 
6.3 

/0.O 

/s:e 

zs:/ 

33 8 





/4f> 


8J 


0.978 


7S.S 


0.984 


7S.C 


/OOS 


7SO 


1.034 


7r-s' 


/.o34 


8Z.S 


/.ozz. 


sz.o 


/■I47 


73.0 


/.S3 


3SS 


/.68 


36.0 


/.7Z 


^4. S' 


/.S3 


ss.o 


/.3& 


6Z.0 


/.o 


S/.o 


/./6S 


fo.o 


7436 


30.0 


/.S€ 


zz.S 


2.66 


/r.s' 


3.6/ 


s4o 


/./S' 


4€.o 


/.Z3 


3S.O 


/.S3 


34.0 


/'74 


30.0 


/.S3 


Z8.S 


z.// 


ZS.O 


Z./8 


Z3.0 


Z./4 


3a o 


2.02. 




/.oox Ahs. 

/.OSS 

/.osi. 



J./66 A^S. 

/.Z78 S-f-mklm 

/.3Z.4- 

/.3Z8 

/.Z86 

/.zz8 

/'OSS' a^3. 

/./6z s/^Ua 

/i-rs 

A398 

/.sor 

/.6oS‘ 

/.Z37 Ai>s. 
/.Z3 S/<iUa 
ASS' 

/.H 

1. ^6 
/'S 

/.S3 

/S^2- 

/S37 
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~TAS^ ^ JL (cot-i^lf^uecl ) 



Susi etn 

i-i 




jOO.O 

/S8.0 

2S0.S 


^-8 


Ao 

1.0 

SO! 

/0.0 

ZS/6 

sn/ 




/oo.o 

ZOO.0 
39 &0 




7.3S 

72.6 




ZO. 0 
J /.6 
sv.l 


3-2- 


€.3/ 

/o.o 

/ss 

ZS.7 


3-3 


Z.S! 

3.98 

SOI 

e.3/ 

/o.o 






3^.0 


188 


Jds 


174 


H-.o 




s/.o 


A43 


r/o 


I/O 


i-so 


/3i- 


36.0 


/64 


3i:0 


AS 


37>0 


/74- 


4S.0 


/S3 


sss 


/.2S~ 


67.S 


/2Z 


770 


/./yf- 


60.0 


AO/ 


no 


/.Z6 


3S.0 


7.06 


23.0 


Z.S/ 


/3.0 


4.n 


SZ.0 


A/^ 


38.0 


/.Sts 


zs.o 


2.37 


ISO 


3.6 


70.0 


0.9 


43.0 


l.ze 


3S.O 


A 66 


3/.0 


/.ass' 


/9.0 


3.03 



RO. ^ 
/.St 8 AU. 
/.^3 ShiLU 
/.ff/ 

/.383 

/./t 9 
/.13Z 
/337 

/^37 

/.3S€ 

/.3/Z. 

/.xS 

//77 



AI4S 


334 


/.ZS6 


Z37 


/.S86 


1.73 


AS36 




A 677 


/./S' 


A.Z4 


Z.64- 


A36 


A 34 


A.47 


A.47 


A 69 


/•26 


A2Z 


Z.6A 


A.3SB 


A.8A 


.7.436 


/.GZ 


/.St>4 


A.47GS 


/6s 


/.21L 



A l»s. 
S-faLIc 
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T~A3LE^ JL (cofiiini^€tc/) 



Sys-(-enr , 

J -4 O. STS/ G/. o 
0.G3 S8.0 

0.733 •S'Z.O 

/.o ^r.o 

/.IC 4-1.0 

/ 77 

z.o zs.o 

Z./6 2./.0 

4:14- /s:o 

3- S' 0.3SS G6,0 

0.€3 3S:0 

AO 4iLS’ 

ASS 30 . o 
Z.s A3.0 

0.3/ 6 66.0 

\ 0,S SS.O 

0.707 4 -^.s 

A.o 34-.S 

ASS zo.s 

3-7 0.3/6 s/.s 

0.33S S£.0 

as ^.o 

0.S6/ 4o.o 

0.63 36.0 

0. 7S 30. 0 

A.o ^ 0.0 





P.o. 




/.02Z 


AO 6 


8. so 


/.034- 


/./o 


7.S6 


/./S 


//S' 


6.00 


A^4z 


/.2~/ 


477 


7.4! 


/.ZG 


3.80 


7.7/6 


A36 


2,68 


z.o 9 


A 4-0 


A74- 


z.es 


A.ss 


/.S‘6 


3.76 


A 63 


AZSS. 


AO 


/.oozz 


s.ze 


A/ 


Aod3 


Z.66 


A 36 


/.2-3 


/.9/6 


Z.o 
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